Abstract. We prove a strong form of the "n Squares Problem" over polynomial rings with characteristic zero constant field. In particular we prove : for all r ≥ 2 there exists an integer M = M (r) depending only on r such that, if z 1 , z 2 , ..., z M are M distinct elements of F and we have polynomials
Introduction
Büchi's Problem, also known as the "n Squares Problem", asks whether there exists some positive integer M such that any sequence of M integer squares, whose second difference is constant and equal to 2, is of the form (x+n) 2 , n = 0, 1, . . . , M, for some integer x. This problem, still open, was proposed by R. Büchi in the 1970s (and publicized by L. Lipshitz in 1990 in [5] ) as he realized that a positive answer to it would imply a strong improvement to the negative answer to Hilbert's Tenth Problem, recently obtained by Y. Matiyasevic, after the works of M. Davis, H. Putnam and J. Robinson. See [3] and [6] .
Vojta proved in [12] that a positive answer to Büchi's Problem follows from a conjecture of Lang on rational points on projective varieties of general type. In [7] , Pheidas and Vidaux proposed a problem B r (A) extending Büchi's Problem by considering r-th differences of r-th powers constant and equal to r!, and where the variables range over any integral domain A, the point being that in most cases, a positive answer to B r (A) will have logical consequences similar to the "integer and square case". If A is a ring of functions, then it is required also that not all the r powers are constant. Vojta [12] proved that the problem B 2 (M), where M is the field of functions that are meromorphic over C, has a positive answer (using Nevanlinna theory). Pheidas and Vidaux proved [8] that B 2 (A) has a positive answer whenever A is a ring of polynomials or is a field of rational functions of zero characteristic, but if the characteristic is positive and large, there are more "trivial solutions" than those named in the original statement (see [9] ). In [10] , they proved that B 3 (F [t]) has a positive answer when F is any field of zero characteristic.
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As D. Hensley noticed in [4] , B 2 (Z) is equivalent to the following problem. H 2 (Z) : Does there exist a positive integer M such that, for any integers µ and ν, the following system of equations
has an integer solution if and only if µ = 0? It is not so difficult to see that this equivalence holds for many commutative rings (see Section 5).
So we may write H 2 (A) for the analogue of Hensley's formulation over the ring A. Then we may consider the problem H r (A) where the squares are simply replaced by r-th powers. Observe that a positive answer to B r (A) would imply a positive answer to H r (A), but the converse is true only if r = 2.
We sharpen techniques developed in [8] and [10] in order to prove that H r (F [t]), where F is a field of zero characteristic, has a positive answer (see Theorem 2.1 in Section 2). Other analogous forms of Büchi's Problem over the integers have been studied by Buell [2] , then by Pinch [11] and eventually by Browkin and Brzeziński [1] . Our main result, Theorem 2.1, actually implies a quite stronger form of H r (F [t]) for any power r, so we may consider it as new evidence for B r (F [t] ) to have a positive answer.
We observe that in contrast to the method developed in [8] and [10] , we do not make use of the fact that elliptic curves do not admit rational parametrizations. Our proof is essentially combinatorial and therefore should be more easily adaptable, for example, to algebraic extensions of polynomial rings and rational function fields, both in positive and in zero characteristic.
This work was done during the undergraduate studies of the author at the Universidad de Concepción, Chile. I thank the professors of the math department (Departamento de Matemática) for their useful comments, especially Xavier Vidaux for many valuable discussions.
Main result and corollaries
Let F be a field of characteristic zero. If S is a non-empty finite subset of F and r ≥ 2 is an integer, we will write
whereF denotes an algebraic closure of F . Observe that 1 ≤ ξ(S, r) because (s + 0) r = s r for each s in S, and ξ(S, r) ≤ r since the polynomial (X + c 1 ) r − c 2 has degree r.
For x ∈ R we denote by x the least integer greater than or equal to x ( . is the ceiling function).
Theorem 2.1 (Main Result). Let F be a field of characteristic zero and r ≥ 2 an integer. Suppose we have a sequence
Then g is the zero polynomial. If we know some information about r, F or S in the Main Result, then a constant M can be computed explicitly. To illustrate that, we may set F = R and S ⊆ Z. At most 2 of the elements in S at the same time can be solutions of an equation of the form (z + c 1 ) r = c 2 with c 1 , c 2 in C =R (since the integers are collinear in C); hence ξ(S, r) = 2. Another example is given by considering F = C and S a set of complex numbers such that no cyclic k-gon (k ≥ 3) has vertices in S. Then ξ(S, r) ≤ min{r, k − 1}, and we can compute an explicit value for M .
From Theorem 2. 
satisfies also the system of equations x
Proof. This follows immediately from Corollary 2 (with r = 2) by solving the recurrence, see Section 5.
Intermediate results
In this section we shall prove some lemmas before proving Theorem 2.1. 
On the one hand, differentiating both sides of (3.1) we obtain
On the other hand, also from (3.1) we have
.
into the previous equation, we obtain
Let us denote
namely, the part of (3.2) that does not depend on n.
Lemma 3.1. We have
Therefore we have
From (3.1) and (3.4), it follows that
thus, after an easy computation,
Note that from (3. Notation 2. We will be writing Λ for a least common multiple of {x n |n ∈ I }.
Note that Λ is not constant since, by Lemma 3.1 (1), none of the x n 's, for n ∈ I , is constant. Proof. By Lemma 3.1 (1), the polynomials in {x n |n ∈ I } are non-constant.
Suppose that for some distinct ξ +1 indices i(1), i(2), ..., i(ξ +1) ∈ I , there exists ρ ∈ F such that ρ is a common zero for all x i(l) . Consider the following equations derived from (3.1):
Evaluating at ρ we obtain
for some c ∈ F . It follows that the equation (z + f (ρ)) r = c has at least ξ + 1 distinct roots, since by the hypothesis of Theorem 2.1, i = j implies z i = z j . This contradicts the definition of ξ. Proof. Let p ∈ F [t] be a prime polynomial. From Lemma 3.3, p divides at most ξ polynomials in {x n |n ∈ I }, so we have
where ν p denotes the function "order at p".
Summing the left and right hand sides of this last inequality over the primes dividing n∈I x n , from Lemma 3.1 (1) we obtain
where "lcm" means "least common multiple". Therefore we have
Note that if ∆ is not the zero polynomial, then from Lemma 3.2, we deduce
Thus, by Lemma 3.1 (2), we have
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As 0 < d (Lemma 3.1 (1)), this implies that
hence gives us a contradiction. So we have ∆ = 0.
Proof of Theorem 2.1
In order to prove the Main Result, we will suppose that Assumption 2. h is not the zero polynomial.
We will obtain a contradiction. The next four lemmas will be under Assumption 2. From Lemma 3.4 we have
Since some of the x n 's are not constant, from (3.1) we note that f, g are not both constant. Therefore, from (4.1) and Assumption 2 we have that if h is a nonzero constant, then f = 0, so f is constant; thus h is a non-constant polynomial. Moreover, if f is constant, then we have h = 0 from (4.1); hence f is a non-constant polynomial. So, under Assumption 2, h and f are non-constant polynomials.
Notation 3. Let ϕ, η be the leading coefficients of f, h respectively.
Proof. From Assumption 2 we have f non-constant; thus from (4.1) we deduce
It follows that (z n + f ) r and h must have the same degree and leading coefficient for each n ∈ I. Hence, by (3.1), we have rd < rd f ; hence d < d f .
Lemma 4.2. We have
Proof. By (3.1), for each n ∈ I we have h = (z n +f )
r −x r n . Plugging this expression for h into (4.1), we obtain Expanding each side of this equation we get
and cancelling terms for i = 0 = j we have
Since d < d f (by Lemma 4.1) and 0 < d = deg x n , ∀n ∈ I (by Lemma 3.1 (1)), the sequence of polynomials in each sum of the last equation has decreasing positive degree. Therefore, by observing the leading coefficients at i = 1 = j, we have
n , where d n = d and X n are the degree and the leading coefficient of x n for each n ∈ I , respectively. Hence we have Note that Γ is well defined since 0 < d = deg x n , ∀n ∈ I , and is not the zero polynomial.
Lemma 4.3. We have deg Γ
we see that f divides x n x r−1 n for all n ∈ I .
Recall that we have d f ≥ 1 and r ≥ 2. So Lemma 4.2 implies that r divides d f ; hence the degree of f is d f − 1 ≥ 1. We conclude that Γ is not constant by Lemma 4.3.
Lemma 4.4. The following inequality holds:
Proof. Write p i |Γ p a i i for the prime factorisation of Γ (up to factors in F ). Since Γ is not constant this product is not empty, and since F is assumed to be algebraically closed we have deg p i = 1 for each i.
We claim that each p 
